Introduction
According to A. Z. Petrov's algebraic classification, Weyl tensor C j imn of conformal curvature of the square-law differential form of 4 variables is subdivided into three types I, II, III and three subtypes D, O, N (see [1, 2] ). In case of Einstein metrics its curvature tensor R j imn is subdivided into the same 6 kinds, while Weyl tensor and Riemann tensor are always of the same kind. Therefore in all cases it is possible to be limited to metric classification by the type of its Weyl tensor. It is clear, that this classification conformally invariant.
The subtype O means, that Weyl tensor vanishes, i.e. the metric is conformally flat. All conformally flat metrics automatically satisfy Yang-Mills equations. The equations for conformally flat metrics are much easier than Yang-Mills equations. Therefore this kind of metrics does not represent any interest from the point of view of searching solutions of Yang-Mills equations (though the most discussed in cosmology Robertson-Walker metric which is the solution of Friedmann equations belongs to type O). Solutions of Yang-Mills equations for kinds I, D and O already took place in our works. All central-symmetric metrics belong to kind D or O. The full solution of Yang-Mills equations for central-symmetric metric has been found in [3] . In [4] solutions of Yang-Mills equations for the metric
were searched. If a = b = c this metric is referred to the types I or O, if b = c to the types D or O. In particular, when a = t α1 , b = t α2 , c = t α3 the metric satisfies Yang-Mills equations, if
When α 1 = α 2 = α 3 we obtain a metric of type I, when α 2 = α 3 = 0, we get metric of subtype D, when α 1 = 1, α 2 = α 3 = 0 metric of subtype O. Therefore the purpose of present paper is searching the solutions of Yang-Mills equations for the remained three types II, N, III. In the modern literature such solutions have already been met. In particular, the solutions of Yang-Mills equations are found in [5] for homogeneous (i.e. allowing 3-parametrical invariancy group) Fefferman metric. The solution is g = dx 2 + dy 2 + 2 3 y 3 du − dx ydr + 1 9 y 3 du + 11 9 dx .
Authors of that work do not notice that the metric is of the type N, since their paper has another purpose.
In this article we adhere to same tactics: Yang-Mills equations are made and solved only for the metrics allowing not less, than 2-parametrical invariancy group. Only in this case there is a hope to receive "solvable" Yang-Mills equations. It Further for brevity we will apply the term "Yang-Mills metric" to the metrics, satisfying Yang-Mills equations.
1. Solving Yang-Mills equations for metrics of type N 1. We will begin with a metric of the type II
to illustrate, how the structure of Yang-Mills equations improves when type II turns into type N. Put
In this case ψ = η ij ω i ω j , where η ij Minkowski tensor with signature (− + ++) . We compute components of conformal connection matrix
according to the standard scheme [3, p. 351-352] . We will denote partial derivatives ∂f ∂t = f t , ∂f ∂y = f y etc. At first we find external differentials
Then we calculate Pfaffian forms of Christoffel for the metrics (1)
Further we find external forms of Riemann curvature
We compute components of Ricci tensor R ij = R k ijk and its trace R = η ij R ij
Here ∆ is Laplacian on variables y and z. Hence, using formula
As a result
and the matrix of conformal connection is completely defined. Now we compute components of a matrix of conformal curvature
in correspondence with formulas
where we denote 
where for brevity we denote 
It is a matrix of type II with 1-fold eigenvalue λ 1 = 2S and double eigenvalue λ 2 = −S. But if S = 0 it is of type N.
To compose Yang-Mills equations we will write components of a dual matrix * Φ ( * is Hodge star operator) [3, p. 352 
Yang-Mills equations d * Φ + Ω ∧ * Φ − * Φ ∧ Ω = 0 for external forms * Φ 3 and * Φ 4 are
In components they give two equations
These equations are expressed only through the function u = g y g :
If to denote L and Q the left parts of these equations, the formula Q = 1 u L u + 3 2 L shows that the second of these equations is a differential consequence of the first.
Yang-Mills equation for the external form * Φ 1 produces
Their difference on account of (7) vanishes, therefore it is possible to leave only the first equation.
In detail it looks like
The Yang-Mills equation for the external form * Φ 2 does not result new equations. Thus, the whole system of Yang-Mills equations is reduced to (7) and (8). The equation (8) serves to find function f . Though it is linear it's difficult to specify its solution without additional restrictions.
However if the type of the metric (1) turns from II into N, i.e. at S = 0, that is equivalent to u y = 0, u = α, g = βe αy , where α, β = const, then equation (7) is satisfied identically, and equation (8) becomes good enough
In particular, at α = 0 it turn into the well known equation ∆∆f = 0. It is easy to specify its solutions in the polynomial form.
Another special case, if f does not depend on y. Then equation (9) leads to
∂z 2 = 0. Its general solution is f = λ cos αz + µ sin αz + δz + ε, where λ, µ, δ, ε are arbitrary functions of t.
In the case, when f does not depend on z, equation (9) is reduced to ∂ 4 f ∂y 4 −2α
αy + δy + ε, where λ, µ, δ, ε are arbitrary functions of t.
Solutions of equations (7) and (8), not leading to type N, will be examined in the following section.
Notice, that metric (1) will be Einstein metric, i.e. R ij = κη ij , iff g = const = 0, ∆f = 0. It follows from (4).
Further we will omit detailed computations and will write only matrixes of conformal connection Ω and curvature Φ and final equations.
2. Let's investigate metric
We denote with dot differentiation with respect to t, and the stroke ′ denotes a derivative with respect to y. The matrix of conformal connection (2) is
The matrix of conformal curvature (5) has components
Petrov matrix looks like
It is a matrix of type N. Yang-Mills equation (6) for forms * Φ 3 and * Φ 4 are satisfied identically, and equations for forms * Φ 1 and * Φ 2 result in the same equation variables. An arbitrariness of solutions is great: one of functions A or B can be unrestricted.
It is easy to specify many particular solutions in an explicit form. For example, if A does not depend on y, then B = αy 3 + βy 2 + γy + δ, where α, β, γ, δ are arbitrary functions of t.
For metric
where ε = const, the matrix of conformal connection (2) has components
Components of conformal curvature matrix (5) are
Yang-Mills equations for the metric (11) are satisfied identically. The metric has a type N. It is Einsteinian, if K = 0.
Many known metrics for which Einstein equations were solved, are of type N and are reduced to metrics (1), (10) or (11). We will bring several examples.
4. Peres metric
which is a special case of metric (1) with g (y) = 1 and h (u) = 0. Therefore for Peres metric Yang-Mills equation consist of one equation (9) ∆∆F = 0, where ∆ is Laplacian with respect to variables y and z. 5. Takeno metric
where A, B, C, P, S are functions of t − x, after the substitution of variables u = t − x, v = t + x turns into
Now, instead of v, we introduce a new variable w = − 1 2 v + S (u) P (u) du , then we introduce a new parameter τ = P (u) du. As a result,
i.e. special case of the metric (11). Yang-Mills equations and Petrov type of the metric are invariant with respect to performed operations, that's why the Takeno metric is of type N and identically satisfies Yang-Mills equations. 6. Rosen metric
where µ and ν are functions of u = t − x, is a special case of the metric
and the latter is conformally equivalent to the metric (11) at ε = 0. Therefore, Yang-Mills equations for the Rosen metric are satisfied identically. 7. Bondi-Piranha-Robinson metric
where α, β and γ are functions of t + x, is obviously isomorphic to the metric (11) at ε = 0. Therefore, Yang-Mills equations for this metric are satisfied identically.
Solving Yang-Mills equations for metrics of type II
1. Let's construct and solve Yang-Mills equations for the metric
As we shall see, this metric can be of all types, except type I, and for types II, III, N YangMills equations admit explicit nontrivial solutions. Derivative with respect to z is denoted by a stroke ′ . Then we compute the components of the conformal connection matrix (2)
The components of the Ricci tensor and its trace are
The remaining 4 Pfaffian forms of the conformal connection matrix Ω are
Now we write down the components of the conformal curvature matrix (5), where for brevity
It has type II when
Yang-Mills equation for the external form * Φ 3 gives
Yang-Mills equation for the external form * Φ 4 results
The remaining two equations for forms * Φ 1 and * Φ 2 with the help of the equalities (14)-(16) lead to
Thus, the system of Yang-Mills equations is reduced to (14)- (17). To solve it, we first note that the equation (14) is a differential consequence of (15). Equation (15) allows reduction of order. It is equivalent to
where β and γ are constants. Put α = 0. Then, eliminating the third derivative from (15) and (16), we obtain
In equation (19) we initially set to zero the second factor. The resulting equation can be easily integrated
This corresponds to (18) at γ = 0. Substituting (20) to (17), we obtain the differential equation of Euler type
Its general solution
where ε 1 , ε 2 , ε 3 , ε 4 are arbitrary functions of t. By making the change of variable z + µ λ → z, we obtain the final solution
depending on four arbitrary functions of the variable t. Since C ′′ = 0 and P C Now we consider the second possibility of the equality (19), C ′′ = 0, which is equivalent to C = λz + µ, where λ, µ = const. Substituting this in (17), we again obtain the equation of Euler type
In its general solution, we replace z + µ λ with z and get
At α = 0 this solution gives the metric of type III, and at α = 0 the metric of type N, different from the metric of type N in section 1.
This solution gives the metric of type N, but it is conformally equivalent to the special case of the metric (10).
From (13), it follows that (12) is Einstein metric in cases
In both cases, the metric has a type N.
2. Let's return to the metric (1) and Yang-Mills equations (7) and (8). We will show that under the additional condition: f (t, y, z) doesn't depend on z, equation (8) already has explicit solutions. In this case it turns into
Equation (7) allows reduction of order u y = − 
From (3) we obtain g = γ (2y + µ)
Substituting (25) to (24), we obtain the equation of Euler type f yyyy − 6 2y + µ f yyy + 37
ε i are arbitrary functions of t. Formulas (26) and (27) give an explicit solution (but not general) of Yang-Mills equations for the metric (1), h (t) is an arbitrary function. This solution gives the metric of type II. 3. For the following metric
Yang-Mills equations are very complicated, but all the same they are solved. Components of the conformal connection matrix Ω are
The coefficients of Pfaffian forms ω i :
Pfaffian forms ω i :
Then we compute the components of the conformal curvature matrix Φ. For brevity we
In the last four formulas we denoted
It has type II when S = 0, type III when S = 0, T = 0, subtype N when
Proceeding from the specifics of the conformal curvature matrix, it's best to start compiling Yang-Mills equations for the difference between * Φ 1 and * Φ 2 , i.e. with the equation
We obtain three equations
Equalities (29) mean that
Taking into account these equations, Yang-Mills equations for the external form * Φ 1 provide two new conditions
Taking into account (31), Yang-Mills equations for the external form * Φ 3 yield one new equality
and for the external form * Φ 4 one new equation
Equation (31) is equivalent to
Six equations (30), (32), (33), (34), (35) and (36) connect with differential relations five functions A, f, g, h and C. But equations (33), (34) and (35) are linearly dependent:
are left sides of the equations (33), (34) and (35). Therefore, equation (35) may be discarded. The rest of the equations impose to functions f, g, h and C seven differential relations, only four of which are independent (we denote with stroke ′ the derivative with respect to z):
Without additional constraints, the system of equations (37)- (40) can not be solved explicitly. The first of these constraints is 
+ 2B
′′ . 
